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Real-world networks exhibit universal structural properties such as sparsity, small worldness, heterogeneous
degree distributions, high clustering, and community structures. Geometric network models, particularly random
hyperbolic graphs (RHGs), effectively capture many of these features by embedding nodes in a latent similarity

space. However, networks are often characterized by specific connectivity patterns between groups of nodes—
i.e., communities—that are not geometric, in the sense that the dissimilarity between groups does not obey the
triangle inequality. Structuring connections only based on the interplay of similarity and popularity thus poses
fundamental limitations on the mesoscale structure of the networks that RHGs can generate. To address this
limitation, we introduce the random hyperbolic block model (RHBM), which extends RHGs by incorporating
block structures within a maximum-entropy framework. We demonstrate the advantages of RHBM through
synthetic network analyses, highlighting its ability to preserve community structures where purely geometric
models fail. Our findings emphasize the importance of latent geometry in network modeling while addressing

its limitations in controlling mesoscale mixing patterns.
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I. INTRODUCTION

Models of complex networks aim to replicate structural
patterns observed in real-world systems while enabling effec-
tive network randomization for benchmarking and hypothesis
testing [1-3]. Over the past few decades, numerous studies
have identified a set of universal characteristics that most real-
world networks share. These include sparsity [4], the small-
world property [5], an inhomogeneous degree distribution [6]
and a high clustering coefficient [7]. Most real networks,
however, also exhibit nontrivial mesoscale structures, such
as communities with specific mixing patterns [8]. Defining
network models that provide explicit control of statistics at all
scales is crucial for realistic network representations [9,10].

Random hyperbolic graphs (RHG) provide a compelling
framework to explain various observed network character-
istics by embedding nodes in a hidden metric space with
negative curvature [7,11-14]. Such a latent geometry pro-
vides a powerful approach to modeling networks, structuring
connections based on both similarity and popularity [15-17].
In the SP model, node popularity is controlled by latent de-
grees k; and similarity by node-to-node distances x;; = RA6;;
within a D-dimensional sphere. The edge probability reads

1
1+ ()

Gucnc, 7P

Dij = (D

where the inverse temperature 8 controls the clustering coef-
ficient, whereas the density parameter w ensures the correct
average degree.
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The hidden degrees in S? can be mapped onto radial coor-
dinates in a hyperbolic plane HP*!, transforming the spherical
representation with hidden degrees into a purely geometric
hyperbolic one. When hidden degrees follow a power-law
distribution with exponent y > 2, the S” and H”*! models
become isomorphic in the thermodynamic limit [11]. The
popularity-similarity optimization (PSO) model [18] and its
nonuniform generalization (nPSO) [19] extend the ideas of
RHG by incorporating dynamic elements that reflect the bal-
ance between popularity and similarity in the emergence of
real networks. Despite the conceptual elegance of hyper-
bolic spaces and the potential benefits of higher dimensions
(D > 1), the S! model remains the most widely used due to its
simplicity. It is characterized by two fundamental properties:
(1) when angular coordinates are uniformly distributed, the
expected degree of a vertex converges to its hidden degree in
the limit of large networks, (deg;)s: — k;; and (ii) clustering
decreases as B — 1 and stabilizes at a constant for § — 4-o0.

Hyperbolic latent spaces naturally capture hierarchical and
transitive structures, mirroring empirical properties such as
degree heterogeneity and clustering [12,19,20]. A fundamen-
tal limitation of these models, however, is their lack of explicit
control over mixing patterns at intermediate scales. Both
RHG and PSO models can produce networks with strong
communities [13,21,22], but these arise implicitly rather
than as a controlled feature. Modularity can be imposed via
angular-node aggregation [15,19,20,23], but intercommunity
connectivity is entirely driven by similarity in the latent space.

This limitation highlights a fundamental challenge for
latent-space models whenever mesoscale structures arise from
categorical or sharply modulated attributes. While geometric
proximity effectively captures smooth, similarity-driven
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connectivity based on ordinal or scalar attributes
[21,22,24,25], it cannot easily represent patterns where link
probability increases, decreases, or changes abruptly with
attribute distance. The max-entropy derivation of hyperbolic
models constrains link probability to be a continuous and
monotonic function of geometric distance, making it unclear
how—or whether it is even feasible—to map attributes and
attribute distances into geometric patterns that faithfully
reproduce the intended connectivity structure. For instance,
age-based social mixing involves both a strong diagonal
(same-age contacts) and strong parent-child subdiagonals:
individuals should be geometrically close to both their
peers and to parents or children, yet these groups have no
reason to be proximate—violating the triangle inequality.
Similarly, three political parties may coexist such that one
acts as an intermediary collaborating with both others, while
the latter two remain strongly antagonistic; in such cases,
collaboration frequency may not follow any hypothetical
ideological axis, producing arrangements incompatible
with metric embeddings. Coexpression networks display
analogous behavior, where modular patterns arise from
pathway membership rather than proximity in expression
space.

Beyond categorical or modular structure, many systems
also exhibit complementarity-driven connectivity, where links
form between nodes with functionally matching but dissimi-
lar attributes. Examples include protein—protein interactions,
semantic relations, and collaboration or production networks,
where complementarity and similarity often coexist. Such
mechanisms generate patterns, typically quadrangular or bi-
partite motifs rather than triangles, that purely geometric
models may fail to capture [26-28].

Increasing the dimensionality of latent hyperbolic spaces
has been suggested as a way to enable finer control over group
interactions and overcome the intrinsic correlations between
node distances found in low dimensions [29-32]. On the
other hand, the maximum clustering coefficient that can be
obtained from a geometric model decreases as the dimension
of the space increases [33]. Existing models lack mechanisms
for leveraging dimensionality to enforce specific community-
mixing patterns while preserving essential network properties.
Whether arbitrary group-mixing patterns are compatible with
a popularity-similarity framework is yet to be clarified in the
literature.

In this paper, we propose the random hyperbolic block
model (RHBM), a generalization of RHGs that incorporates
explicit control over the network’s mixing matrix by means
of a set of hidden forces binding node groups. Instead of
hidden degrees, we introduce a hidden fitness parameter,
normalized according to block connectivity. We show that
the RHBM, as the S! model [34], can be interpreted as an
entropy-maximizing probabilistic mixture of grand-canonical
network ensembles. This means that the proposed formulation
is optimal for geometric networks with constrained expected-
degree sequence and group-mixing matrix.

We demonstrate that the RHBM can be equivalently
represented as the union of (’2’) S! graphs, corresponding
to intra- and interblock connections among n communi-
ties, provided that node-latent features are drawn once
and applied consistently across subgraphs, ensuring stable

centrality and homophily patterns. Due to this equivalence, we
introduce the alternative notation (S')®) for this graph model.

To highlight its relevance, we present experimental re-
sults in support of the intuition that attribute-based group
mixing is, in general, nongeometric. We generated synthetic
networks using the RHBM and embedded them in SP. for
D =1,...,5, using the state-of-the-art tool D-Mercator [23].
In D-Mercator, the algorithm infers the inverse temperature
B, the parameter x controlling the network’s average degree,
the radius of the S? disk, the hidden degrees, and the la-
tent angular coordinates, maximizing the likelihood of the
inferred latent coordinates given the observed graph. By ana-
lyzing the graphs obtained from the embedding, we show that
models based solely on the popularity-similarity paradigm
can capture local properties such as degree distributions and
clustering but fail to enforce specific mesoscale structures like
community mixing. Even the choice of model parameters and
latent coordinates that best explain the input network, in fact,
fails to explain the input mixing patterns, regardless of D.
In summary, we show that our proposed RHBM, by explic-
itly incorporating block-level constraints, permits to regulate
community structures and mixing patterns while maintaining
the fundamental strengths of hyperbolic network models. Our
findings challenge the notion that purely geometric models
suffice to explain real-world network structures.

II. THE RANDOM HYPERBOLIC BLOCK MODEL

The RHBM extends the S!/H? models by addressing the
case in which the N nodes are organized into n disjoint blocks
(or communities), whose connectivity patterns are controlled
by a symmetric matrix ® = {®;;} of latent forces [35]. As in
the S' model, the nodes are placed uniformly at random on a
disk of radius R assigning angular coordinate 6; € [0, 27) to
node i. Instead of a hidden degree, each node has a (hidden)
fitness ¢; drawn from a suitable distribution. In the following,
we will assume power-law-distributed fitness with exponent
y = 2.5, but any distribution is potentially usable. The proba-
bility per link reads

1

Xij B’
I+ (ﬂu¢i<7;j‘13u)
where i € I, j € J, x;; = RAG;;, and fi;; = RBsin(zw /B). If
we denote «;; = ¢;P;; the expected degree of i towards

block J—i.e., the number of nodes in block J to which i is
connected—and pu;; = éﬁ—iﬁ» Eq. (2) can be rewritten as

v
1 + ( Xij )ﬂ ’

KigKjiitrg
This shows that in the RHBM p;; takes the same functional
form of Eq. (1), with the only difference that the total hidden
degrees «;, k; and the normalization constant p are replaced
by their blockwise counterparts iy, kj, and fiz;.

Dij = 2)

pij = 3)

A. Maximum-entropy formulation

In the thermodynamic limit N — oo, the RHBM can be
defined as the maximum-entropy ensemble P satisfying

(E)p =W, “
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(Lij)p = Fyy foralll,J, &)

(deg,)p = f; ZF,‘_, for all i. (6)
J

Equation (4) binds the expected total energy E =
> ;€(xi;) to W, Eq. (5) sets the expected number of links
between blocks I and J (or twice that number if / = J) to
F;;, and Eq. (6) controls the expected degree sequence of the
network. The consistency of Egs. (5) and (6) is guaranteed by
taking f;sothat ) ,_, fi = 1forallI. f; can thus be interpreted
as the fraction of all edges incident on block / that are incident
on node i.

As for the standard S' model, the maximum-entropy
probability per graph factorizes in terms of independent prob-
abilities per link as

1
pij = 1 + ehitrjtm+Belx;) ’

where i € I, j € J, and B, n;; and A; are the Lagrange mul-
tipliers associated, respectively, to conditions Eqgs. (4)—(6).
Also, with the same line of reasoning used in Ref. [34], it
can be proved that taking £(x;;) = In(x;;) is the only way to
suppress nonstructural degree correlations. This leads to

1
- @)
4 (xije +ﬁ+ u)ﬂ

pij =

For fixed A; and n;; (i.e., fixed f; and Fj;), the expected
probability that nodes i and j are connected can be found
integrating p;; over ¢; and A ;. In the limit N — o0 one obtains

1w _x s
(Pij | Misnpy) = —e P e Fle #). 3
1598}
Further integrating Eq. (8) over A; gives

—u k1

=W T ©)
e = fiNite ), (10)
which, plugged into Eq. (7), give
py= ——— . (a1
’ I+ (ﬂlu)‘?;}ﬂj)ﬂ

Equation (11) shows that this maximum-entropy approach
yields exactly the model defined by Eq. (2), provided that
¢; = f; and ®;; = Fj;—i.e., that the latent fitness equals the
block-normalized degree, and that the hidden force between
two blocks equals the expected number of edges between
them. Let us underline that the equivalence works with ex-
actly ¢; = f; and ®;; = Fy; only in the thermodynamic limit
N — oo. In a finite system, the values for ¢; and ®;; that
satisfy Egs. (5) and (6) for given f; and Fj; must be found
numerically. A more detailed derivation is given in the Ap-
pendixes.

B. Alternative formulation: (S)(2)

The RHBM can be equivalently obtained under the follow-
ing system of stronger constraints [36]

(E)p =W, (12)

<degiJ)P = fif;

where deg;; is the degree of i towards J. Equation (13), which
implies both Egs. (5) and (6), states that f;, instead of just con-
trolling i’s expected total degree, controls i’s expected degree
towards each and every blocks in the graph. The inverse—
Egs. (5) and (6) implying Eq. (13)—is not true in general, but
it is true under the maximum-entropy principle, because the
least-restrictive assumption one can make is that the popular-
ity of a node does not vary from one block to another. It is easy
to verify that a model defined in terms of Eqs. (12) and (13) is
equivalent to the union of the (;) graphs obtained imposing

forall i, J, (13)

(Er)p = Wy, (14)
(deg;;)p = fiFy; foralliel, (15)
(dng‘[)P = ij” forall j € J, (16)

for all possible choices of 1, J, and suitable W;;, where con-
ditions Eqgs. (14)—(16) define a bipartite graph if 7 # J. In
particular, this implies that the S! model can be generalized
to accommodate a community structure by simply considering
each subgraph defined by a pair (I, J) as a mono/bipartite S'
graph, provided that (i) the hidden degrees are replaced with
block-normalized hidden fitnesses; (ii) both the hidden fitness
¢; and the latent angular coordinate 6; associated to vertex i
are drawn just once and for all—i.e., not redrawn for each
subgraph. The fact that node i has the same ¢; in all subgraphs
guarantees that Eq. (6) holds and that the graph has, in good
approximation, the desired degree distribution. On the other
hand, the fact that i has the same 6; in all subgraphs preserves
the transitivity of the vertex similarity across different sub-
graphs, so as to guarantee the desired high clustering for the
entire network. We emphasize that, while the subgraphs share
the same latent coordinates for all nodes and are therefore not
statistically independent, the edge densities of different sub-
graphs can be controlled independently through the mixing
matrix, that modulates the expected connectivity between and
within groups.

III. EXPERIMENTS

To assess the expressive power and limitations of the
RHBM, we conducted a series of controlled experiments,
aimed at testing how well a purely geometric embedding—
specifically, the one produced by D-Mercator—can recover
key structural properties of synthetic networks generated with
the model.

A. Experimental setup

The base parameters of the RHBM are
(1) N: number of nodes,
(2) k: average degree,
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(3) y: exponent of the power-law degree/fitness distribu-
tion,

(4) B:inverse temperature,

(5) n: number of communities.

We have set the mixing matrix F' using a parametric model
that allows us to consider a variable range of mixing patterns:

1
F(Q,P,n)=(1+,0);+(1— a7)

1y

P)I=77
2ilT4)ij
where [ is the identity matrix and 7, is a Toeplitz matrix
with [T,]; = 0 for all i and [T,];; = ¢""~/! for all i # j. The
parameter p € [—1, 1] interpolates between disassortative and
assortative mixing, while g € (0, 1] controls the decay of con-
nectivity away from the diagonal, making it possible to obtain
ordered community structures. The matrices generated by this
model capture a range of realistic structural patterns that,
albeit clearly not exhaustive, provide a meaningful approxi-
mation of mixing behaviors that can occur in real systems.
It is worth mentioning that the parameters p and g used in
the experiments have not been deliberately chosen in a way
that would produce ill-defined matrices or compromise D-
Mercator’s operating principles. To clarify this point, more
details on the model and a visualization of the matrices used
in the experiments can be found in the Appendixes.

We generated networks using the RHBM, varying one
parameter at a time from the sets N € {1000, 3000, 5000},
k €{5,10,20}, ne{2,10,100}, p e {-0.5,0,0.5}, g¢€
{0.5,0.75, 1}, B € {2, 5, 10}, while keeping all others fixed at
N =3000,k=10,y =25,n=10,p=05,g=18=2.
Each generated network was embedded using D-Mercator,
varying the latent space dimension D € {1, 2, 3, 4, 5}. From
each embedding, we computed

(i) The expected mixing matrix (based on the edge proba-
bility formula in the SP model),

(i) The expected degree sequence,

(iii)) Ten synthetic networks sampled from the inferred
edge probabilities, used to compute global and average local-
clustering coefficients.

B. Results and discussion

(a) Model validation. For each parameter configuration,
we generated 10 independent RHBM graphs and sum-
marize the results in Fig. 1. The degree complementary
cumulative distribution functions (CCDFs) (a) exhibit the ex-
pected heavy-tailed behavior induced by the imposed fitness
distribution. Global and average local clustering (b)—(c), re-
ported with standard-deviation error bars across runs, remain
well above the Erdos-Rényi baseline; in particular, the global
clustering is ~20x the graph density, indicating nontrivial
transitivity. The realized block mixing (d) closely matches
the imposed matrix, with relative error typically within a
few percent. Taken together, these results confirm that the
model behaves as designed and enforces both microscopic and
mesoscale constraints.

(b) Block mixing-matrix reconstruction. To evaluate the
accuracy of mixing-matrix reconstruction, we computed the
relative absolute error:

1 Fou — Finll
I£in 1

)

where Fi, is the ground-truth input matrix and F;, the one
expected from the embedding. The results (Fig. 2) show that
the error is generally significant, ranging from 10%—-15% up
to 50%—-55%. Errors tend to be lower for smaller networks,
fewer communities, more disassortative or orderly mixing
patterns, and higher embedding dimensions.

(c) Degree sequence reconstruction. We compared the ex-
pected degree sequence derived from the embedding with the
one of the input RHBM graph. As shown in Fig. 3, the match
is nearly perfect across all tested configurations, confirming
that D-Mercator captures node popularity extremely well.

(d) Clustering coefficient. We computed the relative error
in both the global and average local clustering coefficients:

|C - Cinl
G ’

Figures 4 and 5 show that the error is consistently low—below
20%-30% in all cases. Local clustering is best preserved for
D =1, while global clustering shows slightly better fidelity
for D=1 and D = 5, without major differences across pa-
rameter settings.

(e) Discussion. Overall, the results suggest that D-Mercator
embeddings of networks generated with the RHBM are highly
effective at preserving local structural properties such as node
degrees and clustering, even under diverse parameter regimes.
However, they fall short of recovering mesoscopic structures
such as group-to-group connectivity patterns, indicating that
purely geometric representations may not suffice to explain
intermediate-scale structure when group mixing is imposed
independently of geometry.

IV. CONCLUSION

Intermediate-scale structures, such as communities, are a
typical feature of real-world networks with a significant im-
pact on their functionality and dynamics. Identifying what
constitutes a community is often challenging, therefore, when
creating synthetic networks, it is essential to reproduce spe-
cific connectivity patterns between nodes. Similarly, when
developing a null model to abstract and analyze an existing
network, it is critical to preserve these mesoscale structures,
which are characterized by groups of nodes that are either
densely connected internally or to each other.

In this article, we introduce the random hyperbolic block
model, an extension of the S! random geometric graph that
allows for explicit control over the frequency of connections
between different groups of nodes. Like the S' model, the
RHBM can be derived from an entropy-maximization prin-
ciple, but with an additional set of constraints on the expected
mixing matrix between communities. This formulation ex-
tends latent geometry models by incorporating an explicit and
tunable mechanism for controlling intergroup connectivity,
addressing a key limitation of purely geometric approaches
where mesoscale structures arise only as an implicit conse-
quence of node similarity.

The common approach used in the literature to enforce a
community structure in S” was using a different spatial dis-
tribution for each block of nodes [15,19,20,23]. In particular,
spatial aggregation of nodes in the same community leads to
assortative mixing, where intrablock edges are more likely
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N k Jé) n p q ‘ global clustering avg. local clustering rel. mixing error
1000 10 2 10 0.5 1.00 0.124 + 0.002 0.483 £ 0.006 0.024 + 0.003
3000 5 2 10 0.5 1.00 0.086 + 0.002 0.307 £ 0.004 0.021 £ 0.003
3000 10 2 2 0.5 1.00 0.070 + 0.001 0.470 £ 0.005 0.003 £ 0.001
3000 10 2 10 -0.5 1.00 0.068 + 0.001 0.461 £ 0.004 0.016 £ 0.002
3000 10 2 10 0.0 1.00 0.085 £ 0.001 0.377 £ 0.005 0.016 £ 0.002
3000 10 2 10 0.5 0.50 0.087 + 0.001 0.412 £ 0.003 0.014 £ 0.001
3000 10 2 10 0.5 0.75 0.087 £+ 0.001 0.416 £ 0.002 0.013 £ 0.002
3000 10 2 10 0.5 1.00 0.079 + 0.007 0.422 + 0.028 0.014 + 0.002
3000 10 2 100 0.5 1.00 0.092 + 0.001 0.457 £ 0.005 0.024 £ 0.002
3000 10 5 10 0.5 1.00 0.118 £ 0.001 0.533 £ 0.002 0.009 £ 0.001
3000 10 10 10 0.5 1.00 0.136 + 0.001 0.542 + 0.003 0.007 £ 0.001
3000 20 2 10 0.5 1.00 0.106 £ 0.001 0.462 £ 0.002 0.009 £ 0.001
5000 10 2 10 0.5 1.00 0.058 + 0.000 0.409 + 0.003 0.010 £ 0.001

(b) Mean and standard deviation of the global clustering, average local clustering and relative mixing error. The reference
configuration is gray boxed.

FIG. 1. Validation of the RHBM. We performed a one-variable-at-a-time analysis from a reference configuration with N = 3000, & = 10,
B =2,n=10,p =0.5,q = 1. The statistics are obtained from 10 independent graph instances. Panel (a) shows the complementary cumulative
distribution function (CCDF) of the degree, obtained considering all nodes across the 10 graphs. Panel (b) shows the mean and standard
deviation, across the 10 graphs, of the global clustering coefficient, the average local clustering coefficient, and the relative error between the

imposed and realized mixing matrices.

than interblock ones. Due to the triangle inequality, however,
one cannot have strong connectivity between both pairs of
blocks (I, M) and (M, J) without also having non-negligible
connectivity between (/, J), unless one allows very large vari-
ances that reduce the meaning of group structure. In addition,
the nodes being uniformly distributed in the latent space is
one key assumption of the S® model, that guarantees node
homogeneity and makes the model analytically treatable.

The RHBM addresses this issue decoupling attribute-based
group mixing and individual popularity/similarity-based
mixing.

We conducted a series of experiments to assess whether
networks created with the RHBM have a more natural inter-
pretation. To this end, we fed graphs obtained with the RHBM
to the D-Mercator algorithm, the state-of-the-art model for
multidimensional embeddings in S”, varying the latent-space
dimension D. D-Mercator does not explicitly attempt at re-
constructing the input attribute-based mixing, but it tries to
identify the most suitable geometric representation for that
network, given the observed connectivity patterns. By letting
the input network change in aspects like the number of com-
munities and the type of mixing, we verified that even the
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FIG. 2. Relative error in recovering the mixing matrix for various model configurations and embedding dimensions.

most plausible geometric configuration is generally insuffi-
cient to fully explain or reproduce the input intermediate-scale
patterns. These results suggest that the RHBM offers a prin-
cipled and flexible framework to model structured networks
where community structure and geometric organization coex-
ist, without artificially coupling the two.

In line with this view, prior studies observe a systematic
tendency for similarity-driven interactions to close triads—
hence more triangles—because neighbors of a node are likely
to be similar to each other, whereas complementarity often
yields rolelike or bipartite patterns in which two dissimilar
sets connect to each other but not within themselves, pro-
ducing more quadrangles (4-cycles) and related substructures
[26-28]. These motif tendencies have been reported across
domains (e.g., semantic relations, collaboration, and produc-
tion links), and are compatible with our aim of separating
geometric proximity from explicit control of intergroup con-
nectivity.

An important consideration is whether networks gener-
ated by our model could be considered “geometric” under
alternative definitions of clustering or network geometry.
While our construction decouples traditional geometric clus-
tering from community mixing patterns, it remains possible
that different geometric frameworks, employing alternative
notions of similarity or clustering, might capture both fea-
tures simultaneously. Investigating such alternative geometric
representations constitutes a promising avenue for future re-
search.

Another critical step forward would be the application
of an inference framework to fit the model’s parameters
to real-world network data, transforming the RHBM from

a generative model into an analytical tool. Such an ap-
proach, which could be inspired by or adapted from principled
Bayesian inference methods [37], would allow to test whether
the combined geometric and community constraints of the
RHBM provide a more accurate description of empirical data
than simpler models and unlock its potential for empirical
applications, such as community-aware network embedding
or generative modeling of attributed graphs. We also plan
to investigate the use of the RHBM as a randomization tool
for real networks, generating synthetic graphs that preserve
both the latent geometry and the mesoscale mixing patterns
of the original while allowing controlled perturbation of finer
topological details, thus enabling controlled null models for
hypothesis testing. Future directions include a deeper explo-
ration of the interplay between geometry and group mixing
in dynamic or temporal settings, where connection patterns
evolve over time.

While the model is referred to as hyperbolic due to the
isomorphism between the S! and H? models, the current
formulation has been developed in Euclidean space for an-
alytical convenience. A natural next step is to explicitly
formulate and analyze the RHBM directly in hyperbolic
space, aligning its geometric underpinnings with the growing
body of work in hyperbolic network science and potentially
enhancing its descriptive power for hierarchical and treelike
structures.

DATA AVAILABILITY

The data and the source code implementing the model that
support the findings of this article are openly available [38].
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FIG. 3. Scatter plot of input vs reconstructed degree sequences. All points lie close to the identity line.

APPENDIX A: GEOMETRIC MODELS

The most elegant way to define the S' model is through the
formalism of entropy-based models. Let A(6;,0;) = (7w — |

The S! model

7 — |0; — 0;]]) denote the absolute angular distance between
the latent coordinates 6; and 6;. For fixed R, let x;; =
x(6;,0;) = RA(6;, 0;) be the distance between v; and v; on
the S! ring of radius R, and let gij = &(x;j) be the en-
ergy of edge (i, j). By constraining the expected energy
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EG) = ij &ija;j(G) of the system and the expected degree
sequence, one obtains

(E)p = E", (AL)

(deg))p = ;. (A2)
In Egs. (A1) and (A2) the expectation is taken with respect
to just the graph probability P, assuming that all latent coor-
dinates are known. The maximum-entropy condition leads to
a grand-canonical ensemble where the probability per graph
factorizes in terms of probabilities per link as

1
pPij = 15 o tBer (A3)
where B8 and A; are the Lagrange multipliers associated, re-
spectively, to conditions Eqgs. (A1) and (A2).

If the latent coordinates are drawn randomly with probabil-
ity density functions p(0) and p(k ), conditions Egs. (A1) and
(A2) define a hyper-grand-canonical ensemble, i.e., a prob-
abilistic mixture of the grand-canonical ensembles defined
above. In this context, to suppress any nonstructural degree
correlations, one must take &;; = In(x;;) [34], so that p;; can
be rewritten as

1
1+ (xije B )

(A4)

If the nodes are placed uniformly at random on the S! ring,
then p(0) = % and the density of nodes on S' is § = %.
Without loss of generality, one can take 6; = 27 so that

A(6;,0;) = 0;. By integrating over 6; and A ;, one obtains

1 do
(pij | Ai) = | p(L)dA g
0 14 (Roe 7 )

(AS5)

where 7g = [39]. Since deg; = Zj a;j, one finds

T
Bsin(z/B)

ki = (deg; | Ai) = N{pij | i) =28 # (e )T (A6)

A

and, by further integrating over A;, one gets (e /) =

V) @25T5) T, so that

4 Ki 1
e P = D] \/ZSTﬂ (A7)
Plugging Eq. (A7) into Eq. (A4), one finally finds
pij = lx” 5= lx__ 5 (A3)
L () 1+ ()
where u = m

In the following, it will be useful to rewrite Eq. (1) in

a slightly different way. Let M =13, «k; = 5 (k) be the

expected number of edges in the graph, and let f; = 5; be
the normalized hidden degree of v;, a measure of the relative
popularity of v; with respect to the rest of the network. Note
that f; can be interpreted as the probability that a random edge
is incident on v;, and that ), f; = 1. Since x;; = RA(6;, 6;)

and § = %, Eq. (1) can be rewritten as
pij - 1 A(eiﬁj)l-ﬁ B ( 9)
+ ( 2x M fif; )

Equation (A9) clarifies that, for fixed M, p;; decreases with
the angular distance between v; and v;, and increases with the
two nodes’ popularity. In particular, the term 2M f; f; is the
expected number of edges between v; and v;.

APPENDIX B: THE RHBM MODEL

Let the vertex set V be partitioned into n blocks
By, ..., B,_1, with i € I meaning that vertex v; belongs to
block By, and N; being the size of block B;. Let K = {Kj;} be a
symmetric matrix. To each node v; we assign a latent angular
coordinate 6; and a latent firness f; such that ), _, fi = 1. The
RHBM model is defined as the maximum-entropy probability
distribution P, over the set of graphs having vertex set V,
satisfying

(E)p =E*, (B1)

(LIJ)P = K[] for all 1, .], (BZ)

(deg,)p = fi » Ky foralli, (B3)
J

where, as in Sec. II, E = ij gija;; is the energy of the
system and ¢&;; = &(x;;) is a function of the distance between
v; and v; on the S' ring.

As for the standard S' model, the maximum-entropy
probability per graph factorizes in terms of independent prob-
abilities per link—this happens every time the constraints are
linear in a;;—as

1
Pij = T o iaan1B8e
1 4 etit i+ +Bei;

wherei € I, j € J, and B, n;; and A; are the Lagrange multi-
pliers associated, respectively, to conditions Eqs. (B1)—(B3).
Also, with the same line of reasoning used in Ref. [34], it can
be proven that taking &;; = In(x;;) is the only way to suppress
nonstructural degree correlations. This leads to

1

pij = . (B4)

hithjtngg

1+ (xije B )ﬂ

The latent coordinates 6; are taken uniformly at random on
[0, 27r) with probability p(0) = ﬁ, so that the total density of

nodeson S'is 8 = 2L, whereas block [ has density §; = L/
TR 27 R
We assume that the ratio % stays constant as N — 00, so that

N — oo means both R — oo and N; — o0.
Let us consider two nodes v; and v; withi € [ and j € J.
For fixed A; and n;; (i.e., fixed f; and Kj;), the expected
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FIG. 6. A visualization of the matrix F (g, p, 10) obtained for the considered values of ¢ and p for n = 10 communities.

probability that v; and v; are connected can be found integrat-
ing p;;, as a function of A; and 7, over 6; and A ;,—where, as
in Appendix A, we take 6; = 27 so that A(6;, 0;) = 0;:

(pij | Aismuy,ie€l, jel)

1 dao
= mmm/— ——
/ o T 1 + (Ree/w-);; JAA )ﬂ

I , Ap A
— o e (e, (B5)
R
Since L;; = Zie], jes Gijs by further integrating Eq. (B5) over

)\; we obtain

K1y = (Liy | 1)
= NNy(pij | niy,i€l, je)

Ty
= NN Lo (e 52 (B6)
R

. _ g .
We can isolate ¢~ # to obtain

~u_ TR Ky { . (B7)
Ig NiNy (e77)2

Similarly, since deg; =}, a;; = }_, }_;c; aij, by plugging
Eq. (B7) into Eq. (B5) we obtain

£ Ky =(deg; | M. K.i€l)
J

= ZNJ(pij | i, Ky, iel, jeld)

J
A
e F 1
=—F—— ) K. (B8)
(emm) NI 57
If we isolate e_%, we obtain
eF = fiNileH). (B9)
Finally, recalling that x;; = RA(6;, 0;) and § = %, we plug
Egs. (B7) and (B9) in Eq. (B4) to find
—1 Bl
pij = | AGLO)Ts\B (B10)
+( Ky fifi )

Equation (B10) has the same functional form of Eq. (A9),
with the only difference that the fitness scores f; are now
normalized per block and that the number of edges stubs 2M
in Eq. (A9) is replaced by Kj; in Eq. (B10).

The RHBM model as the union of (;) S models

The RHBM model can be equivalently obtained impos-
ing that the fitness score f;, instead of just controlling v;’s
expected fotal degree, controls v;’s expected degree towards
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all blocks in the graph. This approach was recently pro-
posed in Ref. [36], with a model that the authors denoted the
hidden-degree geometric block model (HGBM). In practice,
this means formulating the following system of stronger con-
ditions:

(E)p = E*, (B11)

(deg!), = fiKyy, foralli,J, (B12)
for given K = {K;;} and f; such that ) ,_, fi =1, where
deg/ =Y jes @ij 1s the number of nodes in block J to which
v; 1s connected.

Let us highlight that Eq. (B12) implies both Egs. (B2) and
(B3):

(Lij)p =) (deg])p =Y fiKiy = Ki,

iel iel

(deg,)p =Y (deg/)p =Y fiKiy = f; ) Ku.
J J J

The inverse is not true in general, but it is true under the
maximum-entropy assumption. In fact, the maximum-entropy
probability per graph factorizes in terms of independent prob-
abilities per link as

1 e .
pij = v if i # j,0 otherwise,
where 8 and A;; are the Lagrange multipliers associated, re-
spectively, to conditions Eqgs. (B11) and (B12).
It is easy to verify that this model is equivalent to the union
of the (5) graphs obtained imposing

(E)p = Ef, (B13)
(deg!), = fiKyy foralliel, (B14)
(degh), = fiKi, forall j € J, (B15)

for all possible choices of I,/ and suitable Ej,
where conditions (B13)-(B15) define a bipartite graph
if I #J.

Based on the literature (see, e.g., Ref. [34] for the St
model and Ref. [40] for the bipartite S!' x S! model), we can

formulate the following probability per link:

1 1

T \P | 4 (AT B
! (fiKl.If/'Klj%) L+ ( 7K fifi )

(B16)

Dpij =

Equation (B16) coincides with Eq. (B10), showing the equiv-
alence of the two models. In particular, this implies that the S'
model can be generalized to accommodate a community struc-
ture by simply considering each subgraph as a mono/bipartite
S! graph, provided that

(i) the hidden degrees are replaces with hidden fitnesses,

(i1) both the hidden fitness f; and the latent angular coor-
dinate 6; associated to vertex v; are drawn just once and for
all—i.e., not redrawn for each subgraph.

The fact that v; has the same f; in all subgraphs guarantees
that Eq. (B3) holds and that G has, in good approximation, the
desired degree distribution. On the other hand, the fact that v;
has the same 6; in all subgraphs preserves the transitivity of the
vertex similarity across different subgraphs, so as to guarantee
the desired high clustering for the entire graph.

APPENDIX C: PARAMETRIC NETWORK MODEL
USED IN EXPERIMENTS

Equation (17), that defines the parametric model used to
generate matrices for our experiments, can be rewritten more
explicitly as

F(q, p,n)
1 0 0 0
| 1 0 0
_1telo o0 1 0
n
0 0 0 1
0 q qz qn—l
q 0 q g
1— .
P ¢ q 0 g3
2 i (n—1iq' :
qnl qn72 qn73 0

Figure 6 shows some of these matrices, as a function of
q and p, for the case of n = 10 communities. While not in-
tended to be an exhaustive representation of real-world mixing
patterns, these matrices capture a significant range of realistic
structural schemes observed in empirical data.
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