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Part | : From networks to simplicial complexes

Part II: From simplicial complexes to hypernetworks

Part lll: Issues in hypernetworks
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Binary relations are not rich enough

3 binary relations # one 3-ary relation
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Relational Structure

Binary relation  3-ary relation 4-ary relation
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Relational Structure

meeting

% 'telephone . % %

(a) line (b) triangle (c) tetrahedron (d) pentahedron

Figure 12. Representing relationships by multidimensional polyhedra
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From networks to simplicial complexes

An abstract p-simplex is an ordered set of vertices,

Op = Vs Vs Vo ey V).
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From networks to simplicial complexes

An abstract p-simplex is an ordered set of vertices,

Op = Vs Vs Vo ey V).

e.g. the tetrahedron

A face Is a sub-simplex.

e.g. a triangle

03 = ( Vg, V1, V3).
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From networks to simplicial complexes

An abstract p-simplex is an ordered set of vertices,

Op = Vs Vs Vo ey V).

e.g. the tetrahedron

A face Is a sub-simplex.

e.g. a triangle

A simplicial complex is a set of

simplices with all their faces
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From networks to simplicial complexes

Every network is a simplicial complex whose simplices have
dimensiong=0o0r q = 1.

" Simplicial complexes are a multidimensional
generalisation of networks.
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From networks to simplicial complexes

An abstract p-simplex is an ordered set of vertices,

Op = Vs Vs Vo ey V).

e.g. the tetrahedron

A face Is a sub-simplex.

e.g. a triangle

A simplicial complex is a set of

simplices with all their faces
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From networks to simplicial complexes

Let K be a simplicial complex

A chain is an expression of the form

C=Nyoy + N0, + Nyoz + Nyoy + N N e J, o € K

The set of all chains forms a module over the integers

K, Is the set of p-chains c,, dim(g;) =p V ¢ Inc,

... more of this later

ASSYST Workshop — Mathematics in Network science: Implications to Socially Coupled Systems  Torino 21-23/11/11



Simplicial complexes

Networks are directed, (a, b ) =#{(b, a)

(@, b)

o

(b,a)

Definition (a,b) =-(b, a)
Definition f{(a,b) =-f{b,a)

f(a,b) -f(a,b)

n
»
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Simplicial complexes

Networks are directed, (a, b ) =#{(b, a)

(@, b)

o

(b,a)

h Orientation generalises
(b directedness

Q eg.{(a,b,c)y=-{(a,cb)
(a) < (C)
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Simplicial complexes

(X5 )

<X1>W<X3>
( X4 )

h Orientation generalises
(b directedness
def

Q eg.{(a,b,c)y=-{(a,c,b)
(a) < (C)
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Simplicial complexes Why make these definitions?

(X5 )

<X1>W<X3>
( Xy )

h Orientation generalises
(b directedness
def

Q eg.{(a,b,c)y=-{(a,c,b)
(a) < (C)
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Simplicial complexes Why make these definitions?
... to define boundaries

(... Xiy -0 )

(X5 ) X
= - Xy ey Xy )

<X1>W<X3>
( Xy )

h Orientation generalises
(b directedness
def

Q eg.{(a,b,c)y=-{(a,c,b)
(a) < (C)
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Simplicial complexes Why make these definitions?
. to define boundaries

<X2> %
(xﬁ@ [/
( X4 )

(X3) \§§Zé§§;§?/

AT SN

(C)
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Simplicial complexes Why make these definitions?
... to define boundaries

The boundary operator ¢ Is defined as

XV Vay - V) = Zing (1) (Vg ¥y V)
/N .

Where v; means v; Is removed.

Note — the boundary depends on orientation

... more of this later
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Simplicial complexes Why make these definitions?
... to define boundaries

<X1> a <XO,X1> <X1,X2>
@

( Xg ) ‘ (X)) - (X1 X3 )

O Xy X35 X5 ) = Xqy X5 ) = { Xgy Xo ) +( Xgy X7 )

Is the boundary of the triangle
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Simplicial complexes Why make these definitions?
... to define boundaries

0 Is nilpotent, 02 =0

<X1> 5 <XO,X1> <X1,X2>
//Q\ —

( Xg ) (X)) - (X X2 )

0% Xgy X1y Xo Y = Xy, X5 ) = { Xgy X ) +(Xgy Xy ) =

(Xo ) =Xy ) ~((X5)=(Xp)) +{Xy) -(Xg)
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Simplicial complexes Why make these definitions?
... to define boundaries

0 Is nilpotent, 02 =0

<X1> 5 <XO,X1> <X1,X2>
//Q\ —

( Xg ) (X)) - (X X2 )

0% Xgy X1y Xo Y = Xy, X5 ) = { Xgy X ) +(Xgy Xy ) =

) - ) - (- N+ () - (=0
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Simplicial complexes Why make these definitions?
... to define boundaries

Any chain c, with 0 ¢, = 0 Is defined to be a cycle

C, Is @ bounding cycle if there Is ¢, with 0 ¢,,; = ¢,

(V, Vo ) = (Vg Vo) + (Vo Vy)
Vi Vi V2

(Vor Vg ) +(V, V)

v
(Vy, Vg ) + (V3 Vy)
. <
0 V2 Vo V3
(b) a bounding 1-cycle (¢) a non-bounding cycle
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Simplicial complexes Why make these definitions?
... to define boundaries

Any chain ¢, with 0 ¢, = 0 Is defined to be a cycle

C, Is @ bounding cycle if there Is ¢, with 0 ¢,,; = ¢,

Non-bounding cycles
(Vi V) -(Vg, Vo) +(Vo, V)  characterise holes

Vi Vi L

(Vor Vg ) +(V, V)

v
(Vy, Vg ) + (V3 Vy)
. <
0 V2 Vo V3
(b) a bounding 1-cycle (c) a non-bounding cycle
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Simplicial complexes Why make these definitions?
... to define boundaries

(Vg V) +(Vq, Vy) +(V,, Vp) IS @ non-bounding cycle

(b)

Fig. 2.8 A triangulated cylinder
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Simplicial complexes Why make these definitions?
... to define boundaries

Vg, V1) +(Vvq, Vy) +(Vy, Vp) IS @ non-bounding cycle

(Vo V) +(V3, V) +(Vy, Vp) IS @ non-bounding cycle

Vi Vg

D) T 0T
OO O DT
O ) O D 0T

Vi
Vo
/ Vs V4 v
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Part | : From networks to simplicial complexes

Part II: From simplicial complexes to hypernetworks

Part lll: Issues in hypernetworks
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From Networks to Hypernetworks

Gestalt Psychologist Katz:

Vanilla Ice Cream # cold + yellow + soft + sweet + vanilla

It Is a Gestalt — experienced as a whole
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From Networks to Hypernetworks

Vanilla Avonda Vaiilla Araina Vanilla Areia
. .
. - - .
Siveet Sweet - .
. - \
".&“"‘ A
. i \ .
Wellow = F o ellow \ Mellow
i \ f,f'
Cold &  Softncss Cold b Softness Cold Softness
(a) a set of vertices (b) relational simplex (c) a clique

Set of vertices = relational simplex = clique
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From Networks to Hypernetworks

It Is a relational simplex

(cold, yellow, soft, sweet, vanilla; Ry..ii ce cream?

A\ J
Y

the relation is explicit

ASSYST Workshop — Mathematics in Network science: Implications to Socially Coupled Systems  Torino 21-23/11/11




From Networks to Hypernetworks

14
b1a. 0 1o l16
l15
{15 \ / €11 l13 (14
oW =
1 __— ~—— 9 0n ls
s / \ s =t
05 / |\ . 05 la
( ( t 2
4 £5 6
(a) The sun illusion (b) the rectangle illusion
o1 ={l1,....,016; R1) o2 = (f1,...,416; R2)

Simplices by themselves are not rich enough to discriminate things

Here — same parts, different relation, different structure & emergence

We must have relational simplices



From Networks to Hypernetworks

Definition (to be revisited)

A hypernetwork Is a set of
relational simplices

e.g.

( cold + yellow + soft + sweet + vanilla; RVani”a_lce_Cream>

The sun illusion the rectangle illusion
o1 =(l1,...,016; R1) g2 = (f1,....,016; R2)
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Relational Simplices and Multilevel Systems

5.1 Systems of Systems of Systems

Most systems are characterised by having many subsystems and levels of descrip-
tion. They are made up of inextricably entangled multilevel social and physical
subsystems with intra-level and inter-level bottom-up and top-top-down dynamics.
They are systems of systems. In fact they are systems of systems of systems, and
more generally multiple levels of systems of systems.

Level N+h sacieties, ... rations, ... climate, ...
H H H
Level N+h-1
H H H
Level N+h-2 individ ual animals, ... egion, ... humans, emviranment, weather...
H H T
H H T
argans, bones, . caties, .. cties, water, power, ..
H H H
H H H
Level N+2 cells, ... neighbourhoads, ... buldings, tramsport, mountains, clouds
H H H
Level N+1
H H T
Level N proteins, fluds, ... hauses, mads, sho ps peaple, rain, danes

Fig. 5.1 Systems of systems of systems of systems ...
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Multilevel Systems

The System
Level N+h

T

m Level N+h-1
I
1I

Level N+h-2

Fig. 5.2 Can highly entangled multilevel systems be resclved into well defined levels?
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Multilevel Systems

Level Nmax The System

<~——— What

-~ are

-—— the

~—— intermediate
Level N,,,;, -——  words?

nurses, patients, doctors, surgeons, administrators, visitors, ...
bandages, scissors, pills, beds, chairs, charts, scalpels, ..
needles, trolleys, lights, windows, doors, floors, ceilings, ...

wards, offices, operating theatres, corridors, ...

Fig. 5.3 The Intermediate Word Problem
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Multilevel Systems

ASSYST Workshop — Mathematics in Network science: Implications to Socially Coupled Systems

Level N+k* hospital hospital hospital

AN

“surgical paediatric
department department
e

~ pre-op theatre
A A

&

“bed (surgeon 1 scalpel

Level N+k’

surgical paediatric
depaitment department

]

1

surgeon @ paediatrician

Level Ntk

Level N

¢~ bed surgeon nurse
doctor paper-clip

Fig. 5.4 Intermediate Words for a Hospital System

Torino 21-23/11/11



Formation of simplices = hierarchical structure

e.g. take a set of 3 blocks

L1
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Formation of simplices = hierarchical structure

e.g. take a set of 3 blocks
assembled by a 3-ary
relation R

s
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Formation of simplices = hierarchical structure

e.g. take a set of 3 blocks
assembled by a 3-ary

\ relation q{
The structure has an
R,
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Formation of simplices = hierarchical structure

Level N+1
n-ary

\ relation A
| assembles
elements
Into
named
structures

R.
- at a higher

ASSYST Workshop — Mathematics in Network science: Implications to Socially Coupled Systems  Torino 21-23/11/11




Formation of simplices = hierarchical structure

n-ary Arch
relation
| \ assembles
elements
Into
named R

structures

R.
- at a higher -
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5.4 Relational Simplices and The Axiom of Aggregation

@VP Department
!

Level N+1

The goal of finding a well defined way of representing multilevel systems requires a
way of distingmishing between levels. Figure 5.5 shows the assembly of elements at
Level N to structures at a higher level denoted Level N+1. This notation 1s used
to make 1t clear that the integer values of levels are not absolute and if necessary
Level N + k may be relabeled as Level N + k'. The notation Level(x) = N + k will
mean that z exists in the representation of the system at Level N+k.

The Axioms of Aggregation: Let o = (2, ...,z,; R) be a relational simplex.
(1) Antisymmetry: Level (z;) < Level(o), for i =0, ..., n.

(i1) Transitivity:  Level(x) < Level(y) and Level (y) < Level (z)
imply Level (z) < Level(z).

This axiom asserts that elements exist at a lower level of aggregation to the struc-
tures they form. It 1s a variant on the mereological axiom that if x 1s a ‘proper part’
of y, then vy 1s not a proper part of z.

ASSYST Workshop — Mathematics in Network science: Implications to Socially Coupled Systems
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AND and OR aggregations in multilevel systems

Arches

Figure 8. Two different types of multilevel aggregation

&

Sets, classes

[F-aggregation { OR )

Structures

Ct-aggregation (AND )

Sets of parts

Conventional classification trees don’t have alpha aggregations
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Observing multilevel systems of systems of systems

Hypothesis 1

When we look at systems we see the whole & the parts

Hypothesis 2

Our brains create new tructures
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Aggregation — deconstruction downward dynamics in representing systems

Level N+1

ag=(ry,ro; R)

{ } Level N
(] . Tra
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Aggregation — deconstruction downward dynamics in representing systems

Level N+1

o= (ri,raR)

=Y

{ } Level N
(] . Tra

Create a new object at Level N'!
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Aggregation — deconstruction downward dynamics in representing systems

Level N+1

o= (ri,raR)

=Y

{ } Level N
(] . Tra

Create a new level - Level N-1! zg

And new objects at this level
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Aggregation — deconstruction downward dynamics in representing systems

Level N+1

=Y

o= (ri,raR)

RT D Create a new
object at Level N

{ } Level N
(] . Tra

T = {IQ.IE.IE:IQ;RF}

a2

b
11 13
Ty Tg Tip g 10
T4 5 |IE Ty
s f g

Tl 3 T3

T xq
T14 T16
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Aggregation — deconstruction downward dynamics in representing systems

Cr_eate new Level N+1
objects at .
Level N+1

o= (ri,raR)

=Y

{ } Level N
(] . Tra

!
T = {IQ.IE.:I'E_..IH_;; R'r}

a2

H
[y
3

T11|  |®13

zg | za | 230 T
T4 Tr |IE Ty e .

T it Tq — =

Ty Tig -
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(c) the virtual contour illusion
03 = (£1,...,428; R3)

Q: Does the virtual contour exist?




(c) the virtual contour illusion
03 = (£1,...,428; R3)

Q: Does the virtual contour exist?
A: Yes. Our brains make kinds of virtual stuff out of everything.
Computers can (and must!) also make these virtual structures

for representing multilevel systems.



Backcloth and traffic

Relational simplices support patterns of
numbers across their faces representing
dynamical aspects of the systems.

The simplices form a backcloth for the more
dynamic traffic

... but there are also backcloth dynamics as
relational simplices are formed.
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Multilevel patterns of numbers on the structure

company
> Emergent
f capability
N <
71 <
\u p Capabilities
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Multilevel patterns of numbers on the structure

Level N+2 company emergent
> capabilities
If

department >
vel N- emergent > THT
Level N , €merg l > capabilities
skills >
>
Level N '
Level N : Skills
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Dynamics on the hypernetwork backcloth

Level Nt+k+17

> Level N+k

/

System dynamics as traffic on a fixed multilevel backcloth
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Dynamics

/#/ miacro-level
(continuous

dynamics)

SFHISSIORE

P imne

meso-levels
(semi-continuous
dynamics)

micro-level
(discrete dynamics)

Figure 2. discrete micro-dynamic, semi-continuous meso-dynamics and continuous macro-dynamic
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Backcloth dynamics: System time and System Events

Figure 18: Pendulum events used to measure clock time
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Backcloth dynamics: System time and System Events

i’ / @ \ﬁ
| | O .

Figure 18: Pendulum events used to measure clock time

¢ v
G e fi
before event! after

before event ! after
the blocks do the blocks do _
fot form an arch form an arch vertices — polyhedra
{a) assembling elements to form a structural event (b) a polyhedral event

Figure 19. The formation of polyhedral structure marks system events
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Backcloth dynamics: System time and System Events

N-ary relations have their own dynamics
R.:{ab,cd ...} > (abcd ..;R.)

For the relation to act takes elapsed time.
In natural systems (biology) these dynamics may involve traffic

In artificial systems these dynamics are designed & managed.
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Backcloth dynamics: System time and System Events

N-ary relations have their own dynamics

R.:{ab,cd ...} > (abcd ..;R.)
— /

For the relation to act takes elapsed time.

In natural systems (biology) these dynamics may involve traffic

In artificial systems these dynamics are designed & managed.
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Backcloth dynamics: System time and System Events

@ﬂ@w 7ﬂ§%
! '

! i

t1 t; t3 ty

Figure 21. System event dynamics form trajectories in a non-linear way in clock time

Planning involves changing relations
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Backcloth dynamics: System time and System Events

@ﬂ@w 7ﬂ§€
! '

! i

t1 t; t3 ty

Figure 21. System event dynamics form trajectories in a non-linear way in clock time

System dynamics involves changing relations

... trajectories of multidimensional events
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Part | : From networks to simplicial complexes

Part II: From simplicial complexes to hypernetworks

Part Il Issues in hypernetworks
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Simplicial complexes to hypernetworks

A hypernetwork is a set of relational simplices ?
A hypernetwork is a chain algebra of relational simplices?

In chain hypernetworks, what do orientation & minus mean?
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Simplicial complexes to hypernetworks

f rather than o ?

2 (Vo Vg, o V) = { (Vg Vi V) 120, ., p }

N

fP (Vs Vs - V) = {v,, vy, ....vp}

Or
N
Fr(Vg iy oo V) = Zi(Vgyeeey Vg on V)

F (Vg Vg, e V) = (V) + ot (V)
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Simplicial complexes to hypernetworks

Fundamental question

gy Xps X1 oois Ry Y OV You Y1 Yoo ooei Ry )= (2o 20 Zpy ovvn; R (DR,

where {Xq, X, X5, -} N Yoo V1o Yor - F = {20, 214 2y, .-}
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Simplicial complexes to hypernetworks

Fundamental question

gy Xps X1 oois Ry Y OV You Y1 Yoo ooei Ry )= (2o 20 Zpy ovvn; R (DR,

where {Xq, X, X5, -} N Yoo V1o Yor - F = {20, 214 2y, .-}

Relational algebra, e.g.

<VO1 V]_1 Vp 1 R]_/\ R2> — <V01"'1 Vp1 R]_> + < V01"'1 Vp1 R1>
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Simplicial complexes to hypernetworks

In chain hypernetworks, what do orientation & minus mean?

Perhaps ‘plus’ means ‘add to the database’ ?

(@a+b+c+d+e+f)+g
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Simplicial complexes to hypernetworks

In chain hypernetworks, what do orientation & minus mean?

Perhaps ‘plus’ means ‘add to the database’ ?

(@+b+c+d+e+f)+g = a+b+c+d+e+f+g?
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Simplicial complexes to hypernetworks

In chain hypernetworks, what do orientation & minus mean?

Perhaps ‘minus’ means ‘remove from the database’ ?

(@+b+c+d+e+f+qg)-f =
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Simplicial complexes to hypernetworks

In chain hypernetworks, what do orientation & minus mean?

Perhaps ‘minus’ means ‘remove from the database’ ?

(@+b+c+d+e+f+qg)-f = a+b+c+d+e+g?
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Simplicial complexes to hypernetworks

In chain hypernetworks, what do orientation & minus mean?

{b,c,d,e;R)

This is not compatible with orientation in simplicial complexes?
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Simplicial complexes to hypernetworks

In chain hypernetworks, what do orientation & minus mean?

(b,c,d,e;R) \/ﬂl

|R Create & write new object

This i1s not compatible with orientation in simplicial complexes?
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Conclusions

(1) Relational simplices are essential to represent systems
(2) ... and to model systems of systems of systems

(3) The dynamics of n-ary assembly relations is fundamental
(4) Relational simplices are different to simplicial complexes

(5) There are some interesting questions e (SC)¢
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